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Abstract

Nessyahu and Tadmor’s central scheme [J. Comput. Phys. 87 (1990)] has the benefit of not using Riemann solvers for
solving hyperbolic conservation laws. But the staggered averaging causes large dissipation when the time step size is
small compared to the mesh size. The recent work of Kurganov and Tadmor [J. Comput. Phys. 160 (2000)] overcomes
this problem by using a variable control volume and results in semi-discrete and fully discrete non-staggered schemes.
Motivated by this work, we introduce overlapping cell averages of the solution at the same discrete time level, and
develop a simple alternative technique to control the O(1/A¢) dependence of the dissipation. The semi-discrete form
of the central scheme can also be obtained to which the TVD Runge-Kutta time discretization methods of Shu and
Osher [J. Comput. Phys. 77 (1988)] or other stable and sufficiently accurate ODE solvers can be applied. This technique
is essentially independent of the reconstruction and the shape of the mesh. The overlapping cell representation of the
solution also opens new possibilities for reconstructions. Generally speaking, more compact reconstruction can be
achieved. In the following, schemes of up to fifth order in 1D and third order in 2D have been developed. We demon-
strate through numerical examples that by combining two classes of the overlapping cells in the reconstruction we can
achieve higher resolution.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The central scheme of Nessyahu and Tadmor (NT) uses a staggered grid to avoid solving Riemann prob-
lems at cell edges and provides a black box solution to nonlinear hyperbolic conservation laws. In [31], a
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third order non-oscillatory central scheme was developed. In [6], third and fourth order central schemes
with ENO [10] reconstruction have been developed, in particular, the natural continuous extension of
the Runge-Kutta method [44] has been used in the evaluation of the flux integral which greatly improves
the efficiency for higher order central schemes. The recent work of Pareschi et al. [33] on the central Runge-
Kutta schemes does not use a quadrature rule in time for the fluxes, which further improves the efficiency.
In [25-27], a series of central WENO schemes have been developed with increasing order of accuracy. In
[11], a general procedure is introduced to develop central schemes on non-staggered grids. Central schemes
typically require the approximation of the flux integrated over time which in turn requires the evaluation of
the fluxes at middle time steps. In [1], solutions in previous time levels are used in the prediction of the flux
at middle time steps which reduces the computational cost in multi space dimensions. Since central schemes
usually use staggered averages, the time step size cannot be passed to zero. Kurganov and Tadmor [18]
solve the problem by using a variable control volume whose size depends on the time step size. By passing
to the limit as the time step size goes to zero, non-staggered semi-discrete schemes can be developed which
also reveal a connection between staggered central schemes and non-staggered schemes with the Lax—Fried-
richs flux instead of solving Riemann problems (e.g. ENO-LLF [40]), see also the review article by Shu [38]).
Higher order developments can be found, e.g., in [20,16]. Semi-discrete schemes can be used for a larger
class of equations where the time step size is sometimes small compared to the mesh size. The TVD
Runge-Kutta time discretization methods of Shu and Osher [39] or other stable and sufficiently accurate
ODE solvers can be applied to the semi-discrete schemes to obtain fully discrete schemes. Besides central
schemes and schemes with the Lax—Friedrichs flux, the relaxation scheme of Jin and Xin [14] also has no
need to solve Riemann problems. High order central WENO schemes with or without local characteristic
decomposition have been studied by Qiu and Shu [34]. We would like to refer to [5,13,19,7,41] etc. for more
related works.

In this paper, we introduce a new technique to control the dissipative error of the staggered central
schemes. The major idea is to introduce overlapping cell representation of the solution. An immediate
advantage is that the time discretization becomes simple by the use of the TVD Runge-Kutta methods.
Also by using a time step size dependent convex combination of the overlapping cell averages, the O(1/
At) dependent dissipative error can be easily controlled. Although the use of overlapping cells generally
doubles the computational cost, more efficient reconstruction methods using the combined information
from the overlapping cell averages could improve the resolution.

In Section 2, we introduce the 1D formulations of the central schemes on overlapping cells and introduce
the technique to control the dissipative error related to the small time step size. In Section 3, we discuss the
application to convection—diffusion equations for which the small time step size is usually required for ex-
plicit schemes. The reconstruction procedures for 1D overlapping cells are discussed in Section 4. In Section
5, we extend the techniques to 2D. 1D and 2D numerical examples are given in Section 6.

2. Central schemes for scalar conservation laws in one space dimension

Consider the 1D conservation law

o, of w)

ot Ox
u(x,0) =up(x), x€R.

=0, (x,0)€Rx(0,T), (D

Let {x;} be a uniform partition in R with Ax = x;3; — x;and x,1» = %(xi + x;41). Let U(¢) approximate the

cell average [""'u(x,f)dx and U, (f) approximate the cell average ['u(x,7)dx,U] =

X,

Uit,), Ul 1, = U ,-+1j2(t,,) (see Fig. 2). By applying a MUSCL [42] or ENO [10] or any other non-oscillatory
reconstruction procedure to the two sets of cell averages, one obtains a function y"'(x) which is a piecewise
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polynomial for cells {(x;_1/, X;+12):i =0, 1, £2, ...} and a function v"(x) which is a piecewise polynomial
for cells {(x;x;+1):i=0,+1, +2,...}. They satisfy .- ff_‘fl”’ "(x)dx = U} and 3 [0 v'(x)dx = Uty Let
At, = t,+1 — t, be the current time step size. The central scheme on overlappmg cells can be written in
the forward Euler form as follows:

1 Xit1/2 A .
ot =5 [ A; (0 (112)) — 107 ()]
Xi1/2

(2)

U:Tll/z Ax/"‘ﬂ Ax (1" (xip1)) — (0" (x))-

Kurganov and Tadmor [18] point out that since the numerical dissipation from - f ’“/’ v'(x)dx does not
depend on At,, the cumulative error depends on O(I/At) the total number of time steps in the computation.
Therefore when At is very small, e.g. Ar = O(Ax?) in some situations, the numerical dissipation becomes
large. This is easy to understand if f{u) =0, then what the central scheme does is conservative rezoning
at every time step, which will smear out the solution with increasing number of time steps. By choosing
the size of the control volume (x;,x;+;) proportional to Az as in [18], this O(1/Af) dependence can be re-
moved and by passing to the limit as Az — 0, semi-discrete schemes can be developed. Here we introduce
another technique to remove the O(1/A¢) dependence of the error taking advantage of the overlapping cell
representations Ujand U}, ,. The idea is to use a time dependent weighted average of
" f HZ () dox and U? in the first equation of (2), which does not change the order of accuracy of the
scheme. In fact the dlfference between them is the local dissipation error. Suppose Az, < Art,, and Ar, is
an upper bound for the current time step size due to the CFL restriction. The forward Euler form of the
new central scheme can be formulated as follows:

Ut =0 (Alx L e dx) FU =007 = F 00 ) 707

S (3)
ot =o(z; [ 0w vt 0w,

where 0 = At,/Ax,,. See Figs. 1 and 3. Note that when 6 = 1, it becomes scheme (2). One can also obtain the

followmg semi-discrete form by moving U7 and U7, 5> to the left-hand side and multiplying both sides by
a» then passing to the limit as Az, — 0,

d 1 |1 iz ,
&Ui(tn) Az, [Ax /x,-l/z Vi(x)dx — U

G =5 |55 [ e UL = ) £ )

0 ) — £ 5]

0 o)) — SO ),

(4)

The forward Euler forms (2) and (3) are only first order accurate in time, but they can be used as building
blocks of the Heun scheme or the high order TVD Runge-Kutta time discretization methods [39]. To study
the non-oscillatory property of scheme (3), denote TV{U;'} = > |U| — U/*!| as the total variation of
U;’“. We say scheme (2) or (3) is TVD from the time ¢, to ¢, if

max{TV{U;""}, TV{U}}] ,}} < max{TV{U}}, TV{U},, ,}} < oc.

Theorem 1. Let schemes (2) and (3) start from the same time t, with the same initial values U} and U’ | /2 If
scheme (2) is TVD from the time t, to t,, + Az, then scheme (3) is also TVD from the time t, to t, + At, for any
At, €10, Az,].



Y. Liu | Journal of Computational Physics 209 (2005) 82-104 85

Un+1
i+1/2
\ .
\ v |
\ 1
A ! P
\ |
' F
\ Y
\ \ i I ’
[ v |
vl \ 1 ' ! !
AR ' 1 i’
\ [ ' /
[ T | .
v [ h '
i v Lo
T ,
L '
SERRA
v i
Yo
LT T A ]
L A
PR A
\
AL
by
PR
IR
NCREI
AR
NS n
TS
SO u X
i1/
it 1/
it/
it
w_
un(m) /
:t1+1

Zq

Fig. 1. Nessyahu and Tadmor’s central scheme.
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Fig. 2. 1D overlapping cells.

Proof. Note that the first equation of (3) can be rewritten as

! / ) dr = A 1a) — SO a)] § o+ (1 - O)UE.
Xi—1/2

U =0 & Ax
This is a convex combination of U’ and U’"' computed by scheme (2) with the time step size Az,. Since
scheme (2) is TVD for the time step size At,, U ?H computed by scheme (3) satisfies

TV{U"} <max{TV{U/}, TV{U},, ,}} < .

Similarly from the second equation of (3) we conclude that U’

TV{Up} < max{TV{U}}, TV{U},, »}}.
O

?Ill/z computed by (3) satisfies

The proof is complete.
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Fig. 3. Central scheme on overlapping cells allows a convex combination of the cell averages.

Remark. The proof follows closely the strategy used in [39]. If we change the definition of the total varia-
tion to

TV{U?H} = Z ‘U?H - U?j11/2|a

2i=0,£1 42,

Theorem 1 is still true following a similar argument. These two versions of the theorem provide us with
some insights into two reconstruction procedures: one is a standard reconstruction from two classes of cell
averages {U} :i1=10,%+1,£2,...} and {U;’H/2 :i=0,41,+2,...} separately; the other mixes the two clas-
ses in the reconstruction. We will discuss more about the latter in the following sections.

Note that in (3),

1

Xiy1/2 At 1 Xit1/2
0\ — " 1-0)U! =U? - & - ur
(Ax // v(x)dx>+( UL = Ul + (Ax/ Vi(x) dv U,),

Xi-1/2

Az, = O(Ax) is due to the CFL restriction for scheme (2). Therefore the local dissipative error now has a
factor At, and the cumulative error will not be degenerated by choosing very small A¢,. It is interesting
to study the lowest order case of (3) and compare it to the Lax—Friedrichs scheme [21],

N UlLip+ Ul . AL n n . Al
Uz'+1 = 0%‘*‘ (I- Q)Ui _E{f(UiH/z) _f(Ui—l/Z)} =Ul—+——»

AX/Z {F:’+1/4 - Fzr'l—l/4}’
where F7,, ;= 3{f(U}) + f(UL,,)} + 1 52(U! - U}, ). This is the Lax-Friedrichs flux with the diffu-
sive coefficient AA"T/U 2 (see, e.g., [38]), which should be chosen to be larger than max,|f' ()| in order for the flux
F7, )y to be a monotone flux. Therefore (3) in the lowest order case can be viewed as a finite volume scheme

with the Lax-Friedrichs flux. When 0 =1, ie. At, = Ar,, it becomes the original non-staggered Lax—
Friedrichs scheme on a mesh of size Ax/2.




Y. Liu | Journal of Computational Physics 209 (2005) 82—-104 87

Remark. 1. The CFL restriction for (2) (thus (3) by Theorem 1) requires that

A sup ()] /A < 3

where the left-hand side is called the CFL factor. Az, controls the dissipation (which increases with
decreasing Art,). Once it is set, the actual time step size Af, must be no larger than Arz,. For the
TVD Runge-Kutta methods of orders up to 3, 6 can take any value in [0, 1]. For purely hyperbolic
problems, 0 should be chosen as large as possible (i.e., 1) in order to reduce the computational cost.
In most of the numerical experiments we only show the results with 6 =1 for the purpose of testing
the schemes, and find no significant difference among the solutions for any 0 € (0, 1]. In one form of
the fourth order TVD Runge-Kutta methods [39], its CFL factor (not the CFL factor for choosing
At,) is no larger than 2/3, which implies that 6 < 2/3 when applying it to the semi-discrete scheme
4).

2. The Glimm scheme [8] is formulated on the staggered grid. By using overlapping cells, it could also be
written in a semi-discrete form parallel to the procedure from (2) through (4).

3. Central schemes for convection—diffusion equations in one space dimension

Consider the convection—diffusion equation

ot ox  Ox
u(x, 0) = uO(x)7 X ER,

o () _ @ (a(u,x, ) %) (x,) € R x (0, ), (5)

where a(u, x, t) = 0. Following the work of Kurganov and Tadmor [18], we can discretize Eq. (5) as
follows:

Uit = 9<$ LX';;/Z V'(x) dx) + (1 =0)U; - AA:: O (xir/2)) = F (" (xim12))]

At” n 1n - U:l n U? — U:I—
+ E |:a(U[+1/2axi+l/25 tn) HT - a(Ul;l/zrxi—l/Z; tn) T1:| ;
1 it At, , ,
Uttty =0(x [ W) + 0= 0052 = LU0 G) = £

Aty Ul — U?l/z]

I U;l+3/2 - U?+1/2 B
Ax Ax

Un iatn
A.x a( 17'x )

[a(U?Jrthhtn)

where 0 = At,/At,,, Aty is the maximum time step size determined by the CFL restriction for the hyperbolic
part of Eq. (5), %_b; + YW _

ox
Theorem 2. Let schemes (2) and (6) start from the same time t,, with the same initial values U} and U’ , P If
scheme (2) isZTVDfrom the time t, to t, + Az, then scheme (6) is also TVD from the time t, to t,, + At,, for any
At, < Aﬁ&%, where

a, = Sup{a(UZH,x,-H,z‘,,),a(U:.’H/z,x[H/z,t,,): i=0,£1,42,...}.
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Proof. Note that the first equation of (6) can be written as

v 1 Yit1/2 ) Az, . .
Ut = H{Ax [,.1/2 V' (x)dx — A (V' (xiv12)) = f (v (x,-l/z))]}

+ (1 _9— (a(Uzr'l+1/27xi+1/27 tn) + a(Ulr-l_l/zyxi—l/btn))AZ"’) U" + Atna(U;-’_l/z,x,-_l/z,t,,)

Ax? Ax? Ui
Atna(U:‘l+1/27-xi+l/23tn) n
sz i+1°
The condition of the theorem ensures that the coefficient of U? is non-negative. Therefore U in the first
equation of (6) is a convex combination of U7, U;_, U}, and U;’“ computed from scheme (2) with the time
step size At,. Since scheme (2) is TVD for the time step size At,, U""' computed by scheme (6) satisfies

TV{U"'} < max{TV{U?}, TV{U’,, ,}} < oo.

Similarly for the second equation of (6), the proof is complete. [

Remark. The examples reported in the paper are aimed to show the flexibility of the new approach, and
its capability to handle small time steps, without introducing excessive numerical dissipation. The more
efficient way to overcome the small time step restriction is to use the implicit-explicit time discretization,
e.g. [3,15,23], which treats the advection part explicitly, and the diffusion part implicitly, thus avoiding the
O(Ax?) stability restriction on the time step due to the diffusion term, or to use a fast explicit Runge—
Kutta solver, e.g. [24,30]. Well-balanced central schemes for shallow water equation have been developed
both for staggered [36] and non-staggered [17] methods. Up to now the non-staggered version of the well-
balanced scheme is simpler since the semi-discrete schemes maintain the numerical solution of % =0,
while staggered methods allow it only if u = constant. It will be interesting to see what happens when
one applies the methods developed here to the balance law. These will be further explored in the future.

4. Reconstructions in one space dimension

In order to separate the two classes of cells, denote V} = U7}, 5 on cell D; = (x;, x;+1) and denote
C; = (x;_1p2, Xi+112), see Fig. 4. A straightforward reconstruction is to do it for the cell classes {C;} and
{D;} separately. Since there is no overlapping in {C;} or in {D;}, standard reconstruction methods, ¢.g.

Ci_1 D;_ 1 C; D; C'1',+1

Fig. 4. 1D overlapping cells with the change of notation.
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MUSCL, ENO, etc., can be applied. The interesting question is what happens if we combine the cells {C;}
and {D;} in the reconstruction.

Remark. In general, since the reconstruction at each time involves two classes of cells, the complexity of a
central scheme on overlapping cells is twice as much as the NT scheme or other central schemes on the
staggered grid with the same order of accuracy.

4.1. A fifth order reconstruction using combined cells

Let’s consider for example the reconstruction for cell C; with the cell average U’. For simplicity we only
use the information from overlapping cells adjacent to cell C,, see Fig. 4. Adapting the strategy of Abgrall
[4] to overlapping cells, the highest order polynomial determined by the cell averages is fourth order. Let

Pa(x) = ap+ a1 (x — x;) + ar(x — x,)* + as(x — x;)° + as(x — x;)*,

satisfy 3; [ pa(x)dx = U}, j=1i, it 1 and g; [, py(x)dx = V", j =i, i — 1. The coefficients of p, are uniquely
determined as follows:

ap = U, + U, +46U" —9(V"_, + V")]/30,

it+1
ar = [Uj_; = Ul = 5(Vi, = V])]/(3Ax),
ay = —[U} | + U}, + 14U} = 8(Vi, + V)] (2A%), (7)
ay = =2[U} | - Ul — 2007, = V;-’)]/(3Ax3),
ay = 2[U7, + Ul +6U; — 4V, + V)] (3AY).

This reconstruction is oscillatory if the solution is non-smooth. The simplest way to overcome this problem
is to combine it with lower order polynomials, using proper smoothness indicators to turn on the high order
polynomial in the smooth region and turn it off in the non-smooth region. This follows the WENO strategy
of Liu et al. [29], Jiang and Shu [12], Liu and Osher [28], Liu and Tadmor [31], etc. In particular, it follows
[26,16] in which the reconstruction is based on the convex combination of linear polynomials and a qua-
dratic polynomial.

Let p/(x) be the linear polynomial with the given cell averages in cells D;_; and C; and p,(x) be the linear
polynomial with the given cell averagesin cells C;and D;. Let p(x) = wapa(x) + wypx) + w, p,(x) where wa,w,w,
are some non-negative weights satisfying w4 + w; + w, = 1, so that p(x) also has the given cell average U7 in cell
C;. In order to determine the weights, let ISy, IS, and IS, be the corresponding smoothness indicators so that
IS, = 1[(Axag)* + €], 1S, = 1/[IS4 + (Axp})> + ¢ and IS, = 1/[IS4 + (Axp',)* + €], where e=10"° Let
w=1S4 + IS, + IS,, wy = ISy/w, w; = IS/w and w, = IS,/w. It is easy to see that when the stencil of cells
{Ci_1, ..., Ci1} contains a discontinuity of the solution, IS4 = O(Ax6), and 1/1IS,, 1/IS, = O(1). Therefore
w, = O(Ax®) which is within the accuracy level O(Ax°) and it is small enough to control p4(x). Also w; and
w, will shift the weights to the flatter linear polynomial. When the stencil lies in a smooth region of the solution,
IS, = O(Ax ), IS, IS, = O(Ax?), thus wy, w, = O(Ax*). Therefore w; and w, are small enough to scale the
approximation errors of p; and p, down to the accuracy level O(Ax’). These weights satisfy the WENO prin-
ciple defined in [29] and the reconstruction has fifth formal order of accuracy for smooth solutions.

4.2. A third order ENO reconstruction using combined cells

In order to construct a quadratic polynomial

p(x) =ap + a1 (x — x;) + ax(x —x,-)2
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in cell C; there are three possible ENO stencils of overlapping cells to choose from, namely
{Ci_1, D;_y, C3},{D,_y, C;, D;} or {C;, D;, Ci+1}, see Fig. 4. Viewing the cell averages as point values at their
respective cell centers, the Newton divided difference [10] can be used as the smoothness indicator to pick
one stencil which contains the smoothest data. For example, if the stencil {D;_;, C;, D;} is chosen, then the
coefficients of p, can be determined by letting g [, p(x)dx=TV] 5 [ pa(x)dx = U}
and £ [ p.P2(x)dx = V7. The quadratic ENO reconstruction using combined overlapping cells has third for-
mal order of accuracy for smooth solutions.

4.3. Second order ENO and MUSCL reconstructions using combined cells

We apply the second order ENO or MUSCL reconstruction for cell C; using only the closest overlapping
cells, D;_; and D, see Fig. 4. Since the linear polynomial p,(x) = U’ + a;(x — x;) has the given cell average
U? in cell C,, the only thing left is to determine the slope a;. The MUSCL reconstruction with the minmod
function gives

1

. {V’,’Uj.’ U;?Vfl}
a, = minmod ,

Ax/2 7 Ax/2
where minmod(a, b) = §[sgn(a) + sgn(b)| min{|al, [b|}. The ENO reconstruction gives aleZ;/zf if
ViV,

vl < (U -
for smooth solutions.

Yo otherwise. These reconstructions have second formal order of accuracy

Remark. With the MUSCL reconstruction using combined overlapping cells in 1D, and if the fluxes in
scheme (2) are evaluated at the middle time level ¢, + %At,,, then it becomes the scheme ORD in [32] with
mesh size § Ax.

5. Extension to two space dimensions

Consider the conservation law in two space dimensions

Ou | Offw) , ()

= 2
or | ox 0 (x,5,7) € R* x (0,T). 5

Assume a uniform rectangular mesh with mesh size Ax x Ay and cell center positions x;; = (x;, y;) = (iAx, j-
Ay). Let U}, approximate the cell average of u in the cell centered at x;; at the time 7,. The most common
staggered mesh would be to shift the original mesh along the vector (% Ax,%Ay), causing the cell centered at
x;, to be shifted to a new cell centered aty,; = x;; + (3 Ax,1Ay). Let V7 approximate the cell average of u in
this the new cell at the time #,,. We have defined the approximated cell averages of u on overlapping cells (see
Fig. 5, the original cells are bounded by solid lines and the shifted dual cells are bounded by dashed lines).
To simplify the terminology, we call the original cell centered at x,; the cell of U;; and the shifted dual cell
centered at y;; the cell of V. Let u"(x, y) be a piecewise polynomial reconstructed on the original cells of
{U;;; and v"(x, y) be another piecewise polynomial reconstructed on the shifted dual cells of {V;}, such
that

1

Icell of Uy ;| Jeent of Uiy
1

|Cell OfVi.j| cell of V;;

wW(x,y)dxdy = U]

i

V' (x,y) dedy = V7

ij?
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Fig. 5. 2D (staggered) overlapping cells.

where |cell of U;;| = AxAy is the area of the cell. The 2D central scheme in the forward Euler form analo-
gous to (3) can be written as follows:

1
Ut =0 e "dxd
iy <|cell of Uijl Jeerl of Ui, ! y)

At
+(1-0)U;, —7"/
( ) S eell of Uiyl Jocelt of Uij)

1 dx
Vn+1 :6 T~ 11 ¢ 1 | ! d
i,j <|C€11 of Viﬁ/'| cell of Vi g y>

At
1-0Opy", — ——2% ! ")) - nd.
=0V = ot /( L 0000 s,

(fO™),g(v")) - nds,

where n denotes unit outer normal of the corresponding cell boundary, 0= At/Az, <1,
At,=t,+1 — t, is the actual time step size, Ar, is the maximum time step size determined by
the CFL restriction. The evaluation of the fluxes integrated along the cell boundary can be com-
puted with the quadrature, see, e.g., [27]. The semi-discrete form can also be obtained as follows
by moving U}, andV7}; to the left-hand side and multiplying both sides by ALIH, then passing to
the limit as At, — 0,
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d 1 1 . )
an‘j(tn) _A—T,, <|CCH Of Ui,j' cell of Uj; ! dxdy a Ui’j)

o .
- V'), g(v")) - nds,
cell of Uil Jocelt of U,;,)(f( )»£(")

d 1 1
—Viit) =— | —————— "dxdy — V7,
dr i(tn) Ar, <|ce11 of Vij| Jee of v, . g l"")

1 /
“eell of V. | "),g(")) - nds.
|cell of V] d(cell of Vm(f('u ),8(K))

The TVD Runge-Kutta methods [39] or other ODE solvers can be applied to (10) to obtain a fully dis-
crete scheme with suitable order of accuracy in time.

(10)

Remark. 1. Scheme (10) could also be adapted to a Voronoi type mesh (a triangular mesh plus its dual), so
that the cells of {U;;} represent the triangular cells and the cells of {V;;} represent the dual cells. See [1,2]
for a discussion of central finite volume schemes on unstructured meshes.

2. The central Runge—Kutta schemes [33] can also be applied to (9) so that the finite volume
reconstruction is only necessary at the time ¢, in order to compute the point values at cell centroids
and

1

0 ———— Videdy | + (1 = 0)U7 .
<|Cell of Ui,j| cell of U;; > J

Then reconstruction from these point values can be done at each Runge-Kutta intermediate stages to find

the so called Runge—Kutta fluxes. This is more efficient in higher order case since in general, the reconstruc-

tion from point values is of lower cost than the finite volume reconstruction. This will be further explored in

the future.

As in the 1D case, the reconstruction can be done for each class of cells separately or for combined over-
lapping cells. The second order reconstructions for combined overlapping cells are particularly simple. For
example, consider the second order ENO reconstruction for the cell of U7,. Since the linear polynomial

pi(x) =Uj, +a - (x—xi),

has the given cell average in the cell of U;;, where x = (x, y), the only thing left is to determine the gradient
a;. Note that the cell average of a function is a second order approximation to the function value at the cell
centroid. These approximated function values at x;; and 2 nearby cell centroids determine the discrete gra-
dient of the function at x;;. Among all possible first order approximations of the gradient obtained by two
cells and the cell of U;;, one can construct a discrete gradient a; so that each of its two components is the
smallest (in absolute value). In particular, the two cells can be chosen from the cells of V;_, ;, V;;, V;;_; or
Vi_1j—1, or from the cells of Uy, Vi_ij, Uijer, Vijy Uirrys Vijo1, Uij—y or Vi_y 4, see Fig. 5.

5.1. A third order finite volume ENO reconstruction in 2D using combined cells

Standard finite volume ENO reconstruction in 2D can be adapted to overlapping cells, see [10,38] for
ENO, [27] for a finite volume WENO reconstruction for central schemes. We assume a uniform rectangular
mesh with Ax = Ay. A typical ENO stencil with 9 combined overlapping cells Ej, E,, ..., Eg is shown in
Fig. 6. This stencil uniquely determines a bi-quadratic polynomial

P(x,y) = ay + arx + asy + agx* + asxy + agy” + a;x’y + agxy* + aox’y?
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by letting (1/\Ek|)fEdexdy =Ug,k=1,2,...,9, where |E;| = Ax? is the area of the cell and Uy, is the
given cell average at cell Ej. In the following computations, the inverse of the coefficient matrix of this lin-
ear system is first found numerically and then used for all the reconstructions. There are 9 such stencils con-
taining the cell of U, ;in Fig. 5, which determine 9 bi-quadratic polynomials Pi(x, y), k= 1,2, ..., 9, defined
on the cell of U;; Among them, only one Pi(x, y) will be chosen whose smoothness indicator IS; is the
smallest, where IS, is defined as follows:

o Ax ([|oPy P,
IS, = |Pi(xi;) — U7 +2{ g(xw) + ‘ay(x"”) }
Ax? (|0°P; o*P, o*pP,
+3{ @(Xu) %(X:‘J) + aT}z(Xi,j) }

The chosen P(x, y) defined on the cell of U;; will be the reconstructed polynomial on the cell of U, ;. This
should be done for all the cells of {U;;} in order to obtain the piecewise polynomial u(x,y), similarly for the
reconstruction of the piecewise polynomial v(x, y) for the cells of {V;}.

6. Numerical experiments

Scheme (4) with the rth order (r = 2, 3) ENO reconstruction which is separate for the two classes of cells
is referred to as CO-ENO-r and has rth formal order of accuracy for smooth solutions. If the reconstruction
is done by combining the overlapping cells, it is referred to as COC-ENO-r (rth order). Scheme (4) with the
reconstruction presented in Section 4.1 is referred to as COC-WENO-2-5. Scheme (10) with the third order
ENO reconstruction presented in Section 5.1 is still referred to as COC-ENO-3. The corresponding (up to
third order) TVD Runge-Kutta time discretization methods are applied to the above schemes. Only the
solution in one class of the overlapping cells is shown in the graphs throughout this section. The second
order scheme developed in [18] is referred to as FD2. For systems of equations, the component-wise exten-
sions of the scalar schemes (without characteristic decomposition) have been used in all the computations.

Example 1. We test the convergence of several schemes for the 1D linear advection equation

u+u, =0, xel0,2]; u(x,0) =1 +sin(nx), x€][0,2],

9

Fig. 6. ENO stencil with combined overlapping cells.
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with periodic boundary conditions. The final time is 7= 2. For the central schemes on overlapping cells,
A, is chosen with CFL factor 0.45, At,, = 0.5Az,,. For the NT scheme, At, is determined with CFL factor
0.45 (see Tables 1-6). The relative /; and /., errors are defined as ||u — U||, = > _,|u; — U;|Ax/> ", |u;|Ax and
[ — Ulls = max;|u; — Uj|/max;|u;| respectively. It seems that the error when applying reconstruction for
combined overlapping cells is about 1/r times the error when applying reconstruction for two classes
of cells separately, where r is the order of the scheme (see e»/e; and E,/E; in Table 3, es/e; and E4E;
in Table 5). This is clearly related to the smaller distance between the two overlapping cell centers.
The slight degeneration of accuracy with the second order ENO reconstruction is related to the non-
smoothness of the numerical flux caused by the abrupt shifting of the stencil. This problem can be fix-
ed.See [37,35] for a discussion of this problem and [6] for a central scheme setting. The smaller errors of

Table 1

NT scheme

Ax 1/20 1/40 1/80 1/160 1/320
Rel. /; error 0.00545 0.00148 0.000392 0.000104 2.69¢—05
Order - 1.88 1.92 1.97 1.89

Rel. [, error 0.0110 0.00460 0.00189 0.000774 0.000314
Order - 1.26 1.28 1.29 1.30
Table 2

COC-ENO-2

Ax 1/20 1/40 1/80 1/160 1/320
Rel. [, error ¢, 0.0145 0.00400 0.00108 0.000291 7.65¢—05
Order - 1.86 1.89 1.89 1.93

Rel. I error E; 0.0219 0.00920 0.00378 0.00153 0.000618
Order - 1.25 1.28 1.30 1.31

Rel. /; error e} 0.00300 0.000775 0.000206 5.35¢—05 1.39¢—05
Table 3

CO-ENO-2

Ax 1/20 1/40 1/80 1/160 1/320
Rel. /; error e, 0.0272 0.00767 0.00208 0.000568 0.000150
esle; 1.88 1.92 1.93 1.95 1.96
Rel. I, error E, 0.0353 0.0148 0.00609 0.00247 0.000997
E>/E; 1.61 1.61 1.61 1.61 1.61
Table 4

COC-ENO-3

Ax 1/20 1/40 1/80 1/160 1/320
Rel. [, error e3 0.000277 3.46e—05 4.32e—06 5.40e—07 6.75e—08
Order - 3.00 3.00 3.00 3.00

Rel. [ error Ej 0.000223 2.77e—05 3.45¢e—-06 4.31e—07 5.37¢—-08
Order - 3.01 3.01 3.00 3.00
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Table 5

CO-ENO-3

Ax 1/20 1/40 1/80 1/160 1/320
Rel. [, error ey 0.000816 0.000102 1.27e—-05 1.59e—06 1.99¢—-07
e4les 2.95 2.95 2.94 2.94 2.95

Rel. I error E4 0.000683 8.47e—05 1.06e—05 1.31e—06 1.62¢—07
E4JE; 3.06 3.06 3.07 3.04 3.02
Table 6

COC-WENO-2-5, At, = min{% At,, Ax33}

Ax 1720 1/40 1/80 1/160 1/320
Rel. /; error 1.39¢e—05 2.26e—07 3.76e—09 7.25¢—11 2.18e—12
Order - 5.94 5.91 5.70 5.06

Rel. I error 1.76e—05 3.06e—07 5.48¢e—09 1.09¢—10 2.20e—12
Order - 5.85 5.80 5.65 5.63

the NT scheme are due to its predictor-corrector time discretization. To see this, we compute e} in Table
2 using COC-ENO-2 (At, = 0.44Ax, Az, = 0.45Ax) with the fluxes in (3) evaluated at 7, + %At,,.The result-
ing errors are about half of the sizes of the corresponding /; errors inTable 1.

Example 2. We test the numerical dissipation of scheme CO-ENO-2 for the 1D Burgers equation
1
u, + (Euz) =0, x€][0,2]; u(x,0) =1 +sin(nx), x€10,2],

with periodic boundary conditions. The final time is 7= 0.7. In Fig. 7(a) and (b), we fix A1, = Ax/4 and
choose the time step sizes A, = Ax/4 and (Ax/4)* respectively. There is no significant difference between
the two results. As a comparison, in Fig. 7(c), we compute the same problem again with
At, = At, = (Ax/4)*. It is clear that the numerical dissipation increases as Az, — 0.

Example 3. We compute a hyperbolic—parabolic equation [18] using scheme (6) with the quadratic ENO
reconstruction for combined overlapping cells (Section 4.2). Eq. (5) is set with flu) = u?, a(u, x, £) =0 if
|u] < 0.25; a(u, x, 1) = 0.1 if |u| > 0.25. The initial value is

1 1
I, —5-04<x<-5+04
up(x) = ¢ —1, %—0.4<x<\/i§—l—0.47
0,  otherwise.

We take Az, = 0.24Ax by the CFL restriction of the hyperbolic part of the equation. The actual time step
size is At,, = AxAz,. The results are shown in Fig. 8 at T'=0.7. Clearly the small time step size doesn’t seem
to introduce excessive numerical dissipation.

Example 4. The nonlinear Buckley—Leverett problem (with a non-convex flux) is u, + flu), =0, with
flu) = 4P (4* + (1 — u)?). Initially, u=1 in [-1/2,0] and =0 elsewhere in the computational
domain [—1, 1]. We want to see if COC-ENO-3 converges to the entropy solution. In Fig. 9, the
computational results are plotted against the exact solution at 7= 0.4, with Ax = 1/40, Az, =0.1Ax,
At,=0.5A7,, on the left, Az, =0.01At, on the right. There seems to be no significant difference
between them.
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Fig. 7. Comparative results for Burgers equation by CO-ENO-2, Ax=0.02, T=0.7. (a) Ar, =1Ax,Ar, =1Ax. (b)
At, = YAx AL, = G AX) . (0) At = A, = (LAY)

Example 5. We compute the Euler equation with Lax’s initial data. u, + f{u), =0 with u = (p, pv, E)”,
Ay = (pv, pv*> + p, o(E+p))’, p= (y — 1)(E — L1 pt?), y = 1.4. Initially, the density p, momentum pv and
total energy E are 0.445, 0.311 and 8.928 in (0, 0.5); 0.5, 0 and 1.4275 in (0.5, 1). The computed density pro-
files by various numerical schemes are shown at 77=0.16 in Fig. 10 with Ax = 1/100 by default. For the
central schemes on overlapping cells, Az, is chosen with CFL factor 0.4, A ¢, = 0.5A7,,. For the NT scheme
and FD2, At, is chosen with CFL factor 0.4 and 0.9 respectively. Fig. 10(h) is computed by COC-ENO-2
with Ax &~ v/2/100 which has half of the complexity as in Fig. 10(g). For this mesh size the complexity
(when At, = At,) is about the same as the NT scheme (see Fig. 10(e)), but the upper bound Az, of the time
step size is larger and the computational results remain almost the same for any Az,€(0,Az,] (because there
is no O(1/At) dependent dissipation).

Example 6. Shu—Osher problem [40]. It is the Euler equation with initial data

(p,v,p) = (3.857143,2.629369, 10.333333) for x < —4,
(p,v,p) = (14 0.2sin(5x), 0, 1) forx > —4.



Y. Liu | Journal of Computational Physics 209 (2005) 82-104 97

-0.8 L ! L L L L L
-2 -1.5 -1 -0.5 0 05 1 1.5 2

1

0.9

0.8

0.7

0.6

0.5

0.4

03F

0.2

01

0 | L L ' L L L L ' L
-1 -0.8 -0.6 -0.4 -0.2 [ 0.2 0.4 0.6 0.8 1 =1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Fig. 9. Buckley-Leverett Problem computed with COC-ENO-3. Ax=1/40, T=0.4, Ar,=0.1Ax. Left: Az, =0.5A7,. Right:
At, = 0.01A7,,.

The density profiles are plotted at 7'= 1.8, with Ax = 1/40 by default, see Fig. 11. For the central schemes
on overlapping cells, Az, is chosen with CFL factor 0.45, At,, = 0.5Az,,. For the NT scheme and FD2, Az, is
chosen with CFL factor 0.45 and 0.9 respectively. Note that the results in Fig. 11(a) and (e) are at the same
complexity level. Roughly speaking, for the same mesh size, CO-ENO-r has about the same resolution as
previous staggered central schemes of similar order, while COC-ENO-r seems to provide better resolution
in avoiding oscillation when using reconstructions based only on conservative variables. We have also
tested COC-ENO-3 with Ax ~ 1/2/40 (so that its complexity is reduced by 1) and found the result (not
shown) very similar to the one in Fig. 11(g). The non-staggered FD2 can have twice as large time step size
as the staggered schemes. When its mesh size is reduced to such that its complexity matches that of the NT
scheme or COC-ENO-2, its resolution (not shown here) is slightly higher for the Lax problem but is slightly
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Fig. 10. Comparative results of density for Lax’s Problem, Ax = 1/100 by default. (a) COC-ENO-3; (b) COC-ENO-3 (Ax = 1/200);
(c) COC-WENO-2-5; (d) COC-WENO-2-5 (Ax = 1/200); (¢) NT scheme; (f) FD2; (g) COC-ENO-2; (h) COC-ENO-2 (Ax = /2/100).

lower for the Shu-Osher problem than both schemes. Although the resolution of COC-WENO-2-5 is not as
high as COC-ENO-3, it is much better than the other second order schemes. In 2D its cost could be much
smaller than COC-ENO-3. This will be further studied in the future.
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Fig. 11. Shu-Osher Problem, Ax = 1/40 by default. (a) NT scheme; (b) FD2; (c) CO-ENO-2; (d) COC-ENO-2; (¢) COC-ENO-2
(Ax = v/2/40); (f) COC-WENO-2-5; (g) CO-ENO-3; (h) COC-ENO-3.

Example 7. Woodward and Colella problem [43] for the Euler equation computed by COC-ENO-3. Ini-
tially, the density, momentum, total energy are 1, 0, 2500 in (0, 0.1); 1,0, 0.025 in (0.1, 0.9); 1, 0, 250 in
(0.9, 1). The density, velocity and pressure profiles are plotted in Fig. 12 (7= 0.01) and Fig. 13 (7= 0.03
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and 0.038). The density peak in Fig. 12(a) seems to be quite close to the fine solution (computed with
Ax = 1/2000).

Example 8. Double Mach reflection [43] computed by COC-ENO-3. A planar Mach 10 shock is incident
on an oblique wedge at a n/3 angle. The air in front of the shock has density 1.4, pressure 1 and velocity 0.
The boundary condition is described in [43]. The 2D Euler equation can written as

1
ul+f(u)x+g(u)y:()7 uz(p,pu,pv,E)T, p:(y—l)(E—Ep(u2+Uz)>7
f(u) = (pu, pu’ + p, puv,u(E +p))",  g(w) = (pv, puv, pv* + p,o(E + p))",
where y = 1.4. The boundary passes through the cell edges of one class of the overlapping cells, e.g. the cells
of {U;;} in Fig. 5. The ghost cell averages (completely outside the domain) of both classes of the cells can be

set according to the boundary condition. The cell averages {V]} of the cells being cut through by the

(@

L L L L L L L L L L L
0 0.1 0.2 03 04 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 07 0.8 0.9 1

150 Bl 2 4
100+ 1 q
1- -+
501 H
o . . . . o | , | . . . | . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

Fig. 12. Woodward and Colella Problem computed by COC-ENO-3. Ax = 1/400, 7=0.01, Az, chosen with CFL factor 0.45,
At, = %Arn by default. (a) density; (b) velocity; (c) pressure; (d) density, Az, = 0.01Az,.
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Fig. 13. Woodward and Colella Problem computed by COC-ENO-3. Ax = 1/400, Az, chosen with CFL factor 0.45 , At, = %Arn. On
the left, 7= 0.03, (a) density; (b) velocity; (c) pressure. On the right, 7'= 0.038, (al) density; (bl) velocity; (cl) pressure.

boundary are computed by the second equation of (10) from the cell averages at the previous time level,
thus avoiding the problem of setting boundary values for them. The density and pressure profiles are plot-
ted at 7= 0.2 in Fig. 14, with 30 equally spaced contours.
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35

Fig. 14. Double Mach reflection computed by COC-ENO-3. Ax = Ay = 1/120, Az, chosen with CFL factor 0.4, A¢,, = 0.9Az,. Upper:
density. Lower: pressure.
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Fig. 15. 2D Riemann problem computed by COC-ENO-3. Ax = Ay = 1/400, Art, chosen with CFL factor 0.4, Az, = 0.9Az,,. Left:
density. Right: pressure.

Example 9. 2D Riemann problem [22] for the Euler equation computed by COC-ENO-3. The computa-
tional domain is [0,1] X [0,1]. The initial states are constants within each of the 4 quadrants. Counter-
clock-wisely from the upper right quadrant, they are labeled as (p;, u; v, p;), i=1,2,3,4. Initially,
p1=L1, uy=0, v;=0, py=11;, p,=0.5065, u;=0.8939, v,=0, p,=0.35 p;=1.1, uz=0.8939,
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v3 = 0.8939, p3 = 1.1; ps = 0.5065, uy = 0, v4 = 0.8939, ps = 0.35. The density and pressure profiles are plot-
ted at 7= 0.25 in Fig. 15, with 30 equally spaced contours.
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